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ABSTRACT
We obtain a large class of cosmological solutions in the toroidally-compactified low en-
ergy limits of string theories in D dimensions. We consider solutions where a p-dimensional
subset of the spatial coordinates, parameterising a flat space, a sphere, or an hyperboloid,
describes the spatial sections of the physically-observed universe. The equations of mo-
tion reduce to Liouville or SL(N + 1, R) Toda equations, which are exactly solvable. We
study some of the cases in detail, and find that under suitable conditions they can describe
four-dimensional expanding universes. We discuss also how the solutions in D dimensions
behave upon oxidation back to the D = 10 string theory or D = 11 M-theory.
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1 Introduction
The study of cosmological consequences of string theory has been an area of much active re-
search in the past [1-5]. Recently, exploiting certain duality symmetry, it has been suggested
that inflation can occur in string theory without relying on the potential energy density of
the dilaton field [6, 7]. Since then, several papers have investigated aspects of string-inspired
cosmology in various dimensions [8-13]. One of the intriguing features in these models is
that a dynamical compactification of some of the coordinate directions can occur, implying,
for example, that a cosmological solution of the ten-dimensional string can evolve so that it
describes a four-dimensional expanding universe, with the extra six dimensions undergoing
a contraction (see, for example, [11]). In view of the recent advances in the understanding
of the unity among string theories, it can be argued that the most natural arenas within
which cosmological models should be studied are the type IIA and type IIB string theories,
or possibly their M-theory and F-theory progenitors [11]. Cosmological solutions using the
R-R fields in type II string theories, as well as those using the NS-NS fields, have been
discussed recently in [11]. In this paper, we shall examine a broad class of cosmological
models that arise as solutions of the low-energy limits of ten-dimensional string theories or
M-theory. Our starting point will be to consider models in the D-dimensional toroidal com-
pactifications of the fundamental theories, in which p-dimensional spatial sections (which
may be flat, spherical or hyperbolic) expand while q = D − p − 1 dimensions contract, as
the universe evolves. These models themselves may all be re-interpreted as ten-dimensional
or eleven-dimensional solutions, by reversing the reduction procedure that led to the D-
dimensional theory. By this means, large classes of ten or eleven dimensional solutions of a
cosmological type can be obtained. The extra dimensions that are restored in this oxidation
process will themselves typically either expand or contract, adding further to the numbers
p and q of expanding and contracting dimensions. Ultimately, phenomenological consider-
ations would imply that one is principally interested in the case where the total number of
expanding spatial dimensions is 3.
The reason for dividing the discussion into two stages, in which first we find cosmological
solutions in the D-dimensional toroidal compactifications of the ten-dimensional theories,
and then we oxidise them back to D = 10 or D = 11, is the following. In order to construct
solutions, it is useful to choose a highly symmetrical ansatz for the form of the metric
and other fields in the theory, so as to obtain relatively simple equations of motion for
the remaining degrees of freedom. Upon oxidation to D = 10 or D = 11, the solutions
typically acquire a more complicated form, which would be less easily found, or classified,
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by a direct ten-dimensional study of the equations of motion. This is analogous to the
situation for p-brane solitons, where most of the lower-dimensional solutions yield rather
complicated configurations in D = 10 or D = 11 that correspond to sets of intersecting
p-branes, possibly also with “boosts” along certain directions in the toroidally-compactified
dimensions [15-20].
The organisation of the paper is as follows. In section 2, we set up the ansatz for
the metric tensor and the other fields of the theories, and then obtain cosmological models
involving single-scalar, dyonic, and multi-scalar solutions. Included in the multi-scalar cases
are models where the equations of motion reduce to the SL(N + 1, R) Toda equations. In
section 3, we discuss the cosmological properties of some of the models. In section 4, we
discuss the Kaluza-Klein reduction and oxidation of the cosmological solutions. The paper
ends with conclusions in section 5.
2 Cosmological solutions from string theories
Cosmological models are described by solutions of the low-energy effective theory in which
the metric tensor, and the other fields, are time dependent. We shall look for solutions in
which the D-dimensional metric takes the form
ds2 = −e2U dt2 + e2A ds¯2 + e2B dym dym , (1)
where the functions U , A and B depend only on t, and ds¯2 represents the p-dimensional
metric on the spatial section of a d-dimensional spacetime, with d = p + 1. Typically, we
shall consider spatial metrics of the maximally-symmetric form
ds¯2 =
dr2
1− kr2 + r
2dΩ2 , (2)
where dΩ2 is the metric on a unit (d − 2)-sphere. Without loss of generality, the constant
k may be taken to be equal to 0, 1 or −1, in which case metric ds¯2 describes flat, spherical,
or hyperboloidal spatial sections respectively. The general idea will be to look for solutions
where this spacetime expands at large time, while the q = D−d dimensional space parame-
terised by the coordinates ym contracts and becomes unobservable at large time. Note that
the function U is redundant, in the sense that it can later be set to any desired form by
an appropriate redefinition of the time coordinate. It is convenient to include it, however,
since the solution of the equations of motion can be simplified by choosing it appropriately.
In the vielbein basis e0 = eU dt, ea = eA e¯a, em = eB dym (there will be no confusion
between the exponential functions and the vielbeins), we find that the curvature 2-forms
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are given by
Θ0a = e
−2U (A¨− U˙ A˙+ A˙2)e0 ∧ ea ,
Θ0m = e
−2U (B¨ − U˙ B˙ + B˙2)e0 ∧ em ,
Θab = Θ
a
b + e
−2U A˙2ea ∧ eb , (3)
Θam = e
−2U A˙B˙ea ∧ em ,
Θmn = e
−2U B˙2 em ∧ en ,
where a dot denote a derivative with respect to the time coordinate t, and Θ
a
b is the
curvature 2-form for the metric ds¯2 = e¯ae¯a of the spatial sections, in the vielbein basis e¯a.
It follows that the tangent-space components of the Ricci tensor for the metric (1) are given
by
R00 = −e−2U
(
p(A¨+ A˙2 − U˙A˙) + q(B¨ + B˙2 − U˙ B˙)
)
,
Rab = e
−2U (A¨+ pA˙2 − U˙ A˙+ qA˙B˙)δab + e−2AR¯ab , (4)
Rmn = e
−2U (B¨ + qB˙2 − U˙ B˙ + pA˙B˙)δmn .
where R¯ab denotes the tangent-space components of the Ricci tensor for the spatial metric.
In all the cases we shall consider, the metric ds¯2 is Einstein, and we may write R¯ab =
k(p − 1)δab, which is in particular the case for the metrics (2).
In the rest of this section, we shall derive various classes of cosmological solutions in
toroidally-compactified string theories.
2.1 One-scalar cosmological solutions
The simplest cosmological solution in D dimensions involves the metric, a dilaton and an
n-rank antisymmetric field strength Fn. The Lagrangian is given by
e−1L = R− 12(∂φ)2 −
1
2n!
eaφ F 2n , (5)
where the constant a can be parameterised as [21]
a2 = ∆− 2(n − 1)(D − n− 1)
D − 2 . (6)
(Note that the Brans-Dicke Lagrangian generalised to include a field strength can be recast
in the form (5), by making a dilaton-dependent conformal rescaling of the metric, and
scaling the dilaton by an appropriate constant. The Brans-Dicke parameter ω is related to
the dilaton coupling constant a.) In supergravity theories, the full bosonic Lagrangian can
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be consistently truncated to the single-scalar lagrangian (5) for ∆ = 4/N , where N is a set
of integers 1, 2, . . . , Nmax, where Nmax depends on D and n [22]. For 1-form field strengths,
the Lagrangian can also be consistently truncated to a set of N 1-forms for which ∆ takes
the values 24/(N(N + 1)(N + 2)) [23]. The equations of motion from the Lagrangian (5)
are
✷φ =
a
2n!
eaφ F 2 ,
RMN =
1
2∂Mφ∂Nφ+ SMN , (7)
∂M1(ee
aφFM1···Mn) = 0 ,
where SMN is a symmetric tensor given by
SMN =
1
2(n − 1)!e
aφ
(
F 2MN −
n− 1
n(D − 1)F
2gMN
)
, (8)
There are two types of ansa¨tze for the field strength Fn that are compatible with the
symmetries of the metric (1), giving rise to elementary and solitonic cosmological solutions.
In the elementary solutions, the ansatz for the antisymmetric tensor is given in terms of its
potential, and in a coordinate frame takes the form
Am1i2···mq = fǫm1m2···mq , (9)
and hence
F0m1m2···mq = f˙ ǫm1m2···mq , (10)
where f is a function of t only. Here and throughout this paper ǫM···N and ǫM···N are taken
to be tensor densities of weights −1 and 1 respectively, with purely numerical components
±1 or 0. Note in particular that they are not related just by raising and lowering indices
using the metric tensor. For elementary solutions, we have p = D − n and q = n− 1.
For the solitonic cosmological solutions, the ansatz for the tangent-space components
for the antisymmetric tensor is
Fa1a2···ap = λe
−pA ǫa1a2···ap , (11)
where λ is a constant. Thus we have p = n and q = D−n− 1. The form of the exponential
prefactor is determined by the requirement that Fn satisfy the Bianchi identity dFn = 0.
Substituting the ansa¨tze for the metric and the field strength into the equations of
motion (7), we find
φ¨+ (pA˙+ qB˙ − U˙)φ˙ = 12ǫaλ2 e−ǫaφ−2pA+2U ,
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A¨+ (pA˙+ qB˙ − U˙)A˙+ k(p − 1)e2U−2A = q
2(D − 2)λ
2 e−ǫaφ−2pA+2U ,
B¨ + (pA˙+ qB˙ − U˙)B˙ = − p− 1
2(D − 2)λ
2 e−ǫaφ−2pA+2U , (12)
p(A¨+ A˙2 − U˙ A˙) + q(B¨ + B˙2 − U˙ B˙) + 12 φ˙2 = −
p− 1
2(D − 2)λ
2 e−ǫaφ−2pA+2U ,
where ǫ = 1 for the elementary case and ǫ = −1 for the solitonic case. In the elementary
case, the constant λ arises as the integration constant for the function f in (9).
It is convenient to make the gauge choice U = pA+ qB, and to define
X ≡ qB + (p− 1)A , Y ≡ B + (p− 1)
ǫa(D − 2) φ , Φ ≡ −ǫaφ+ 2qB . (13)
The equations of motion for X, Φ and Y become
X¨ + k(p− 1)2 e2X = 0 , Φ¨ + 12∆λ2 eΦ = 0 , Y¨ = 0 , (14)
together with the first integral
Φ˙2 +∆λ2eΦ +
2q(D − 2)a2
p− 1 Y˙
2 =
2p∆
p− 1
(
X˙2 + k(p− 1)2e2X
)
. (15)
Thus X and Φ both satisfy Liouville equations. The manifest positivity of the left-hand
side of (15) shows that the Hamiltonian X˙2 + k(p − 1)2e2X for X must be positive, and
hence the appropriate form of the solution is
e−X =
{ p−1
c cosh(ct+ δ) , if k = 1;
p−1
c sinh(ct+ δ) , if k = −1;
X = −ct− δ , if k = 0, (16)
where c and δ are constants. Note that in taking the square root of e2X , the positive root
should be chosen in the expression for e−X . The Hamiltonian Φ˙2 + ∆λ2 eΦ for Φ is also
manifestly positive, and so the solution can be written as
e−
1
2Φ =
λ
√
∆
2β
cosh(βt+ γ) , (17)
where β and γ are constants. The solution for Y may be taken to be simply
Y = −µt . (18)
The constraint (15) therefore implies that
β2 =
p∆c2 − q(D − 2)a2µ2
2(p− 1) . (19)
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In terms of the original functions A, B and U appearing in the metric (1), and the
dilaton φ, the solution takes the form
e
∆(D−2)
2q A =
λ
√
∆
2β
cosh(βt+ γ) e
a2(D−2)µt
2(p−1) e
∆(D−2)
2q(p−1) X ,
e
−∆(D−2)2(p−1) B =
λ
√
∆
2β
cosh(βt+ γ) e
a2(D−2)µt
2(p−1) , (20)
e
∆
2ǫaφ =
λ
√
∆
2β
cosh(βt+ γ) e−µqt ,
together with U = pA+ qB. In a case where there is no dilaton, the solutions for A and B
are again given by (20), with µ = 0. If instead q = 0, we have from (6) that a2 = ∆; the
solution for φ follows from (20) by setting q = 0, and A is given by A = X/(p− 1), with X
given by (16).
2.2 Dyonic cosmological solutions
In general dimensions, the cosmological solutions are either elementary or solitonic. In
D = 2n, the n-rank field strength can carry both electric (10) and magnetic (11) charges.
In this case, p = n and q = n − 1. Making the same gauge choice U = nA+ (n − 1)B, we
find that the equations of motion are given by
φ¨ = 12a(λ
2
1e
−aφ − λ22eaφ) e2(n−1)B ,
A¨+ k(n− 1)e2(n−1)(A+B) = 14(λ21e−aφ + λ22eaφ) e2(n−1)B ,
B¨ = −14(λ21e−aφ + λ22eaφ) e2(n−1)B , (21)
p(A¨+ A˙2 − U˙ A˙) + q(B¨ + B˙2 − U˙ B˙) + 12 φ˙2 = −14(λ21e−aφ + λ22eaφ) e2(n−1)B .
These equations can be simplified by defining the variables X, q1 and q2:
X = (n − 1)(A+B) ,
B =
1
4(n − 1)
(
q2 + q1 − 2 log((n− 1)λ1λ2)
)
, (22)
φ =
a
2(n − 1)(q2 − q1) +
1
a
log
λ1
λ2
,
leading to
X¨ + k(n− 1)2e2X = 0 , q¨1 = −eαq1+(1−α)q2 , q¨2 = −e(1−α)q1+αq2 , (23)
together with the first-order constraint
1
2α(q˙
2
1 + q˙
2
2) + (1− α)q˙1q˙2 + eαq1+(1−α)q2 + eαq2+(1−α)q1 = 2n
(
X˙2 + k(n − 1)2e2X
)
. (24)
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Here the constant α is given by
α = 12 +
a2
2(n− 1) =
∆
2(n − 1) . (25)
The solution for X is straightforward, and is given by (16), with p = n. For generic values
of α, a particular solution for q1 and q2 can be obtained by setting q1 = q2, which reduces
the equations to two identical Liouville equations. This special solution describes a self-dual
cosmological model, with λ1 = λ2. It is unclear how to solve the equations in the general
dyonic case λ1 6= λ2, for generic values of α. However there are two values of α for which
the equations are solvable. When α = 1, they reduce to two Liouville equations and the
solutions can be straightforwardly obtained. This value of α can arise for a 3-form field
strength in D = 6, with ∆ = 4. Another value of α for which the equations are solvable
is α = 2, in which case they become the SL(3, R) Toda equations. This value of α can
arise for a 2-form field strength in D = 4, with ∆ = 4. (In fact, this field strength can also
support a dyonic black hole solution, whose equations of motion can again be re-expressed
as the same SL(3, R) Toda equations [24]. This solution is unstable, in the sense that it is
a bound state of an electric and a magnetic black hole with negative binding energy [25].)
2.3 Multi-charge cosmological solutions
The D-dimensional bosonic Lagrangian of M-theory to D dimensions compactified on a
torus can be consistently truncated to
e−1L = R− 12(∂~φ)2 −
1
2n!
N∑
α=1
e~cα·~φ F 2α , (26)
when the dilaton vectors for the set of N field strengths Fα of rank n ≥ 2 satisfy the dot
products
Mαβ = ~cα · ~cβ = 4δαβ − 2(n − 1)(D − n− 1)
D − 2 . (27)
The maximum value Nmax for N depends on the rank of the field strengths, and on the
dimension D. For example for 2-form field strengths, Nmax = 2 for 6 ≤ D ≤ 9; Nmax = 3
in D = 5; and Nmax = 4 in 3 ≤ D ≤ 4 [22]. We shall discuss the case of 1-form field
strengths in subsection 2.4. In fact, we can perform a further truncation to the single-scalar
Lagrangian (5) with a, φ and F given by [22]
a2 =
(∑
α,β
(M−1)αβ
)−1
, φ = a
∑
α,β
(M−1)αβ ~cα · ~φ ,
F 2α = a
2
∑
β
(M−1)αβF 2 . (28)
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For dilaton vectors whose dot products satisfy (27), the value of the constant a is given by
(6) with ∆ = 4/N .
In this subsection, we shall obtain multi-charge cosmological solutions for the Lagrangian
(26). We use the same elementary (9) or solitonic (11) ansa¨tze for the field strengths Fα.
The metric ansatz is given by (1), and again we make the gauge choice U = pA+ qB. The
equations of motion become
~¨φ = 12ǫ
∑
α
~cα λ
2
α e
−ǫ~cα·~φ+2qB ,
A¨ = −k(p− 1)e2qB+2(p−1)A + q
2(D − 2)
∑
α
λ2α e
−ǫ~cα·~φ+2qB ,
B¨ = − p− 1
2(D − 2)
∑
α
λ2α e
−ǫ~cα·~φ+2qB . (29)
p(A¨+ A˙2 − U˙ A˙) + q(B¨ + B˙2 − U˙ B˙) + 12(~˙φ)2 = −
p− 1
2(D − 2)
∑
α
λ2α e
−ǫ~cα·~φ+2qB .
As in the single-charge case, it is convenient to define new variables:
X ≡ qB+ (p− 1)A , Y = B+ ǫ(p− 1)
D − 2
∑
α,β
(M−1)αβ ϕβ , Φα = −ǫϕα+2qB , (30)
where ϕα = ~cα ·~φ. The equations of motion for X and Φα become a set of Liouville equations
X¨ + k(p − 1)2e2X = 0 , Φ¨α + 2λ2α eΦα = 0 , (31)
together with the first integral constraint∑
α
(
Φ˙2α + 4λ
2
α e
Φα
)
+
8q(D − 2)a2
(p− 1)∆ Y˙
2 =
8p
p− 1
(
X˙2 + k(p − 1)2e2X
)
, (32)
where ∆ = 4/N and a is given by (6), and Y again satisfies Y¨ = 0.
The solution for the function X depends on the value of the parameter k, and is again
given by (16). The solutions for Φα take the form
e−
1
2Φα =
λα
βa
cosh(βαt+ γα) , (33)
where βα and γα are constants. The solution for Y may again be taken to be simply
Y = −µt. The constraint (32) therefore implies that
∑
α
β2α =
2p∆c2 − 2q(D − 2)a2µ2
(p − 1)∆ . (34)
In terms of the functions U , A, B and the dilatonic fields ϕα, the solutions can be expressed
as
e
−2(D−2)p−1 B = e
2(D−2)a2µt
(p−1)∆
N∏
α=1
(λα
βα
cosh(βαt+ γα)
)
,
e
2(D−2)
q A = e
2(D−2)
q(p−1) Xe
2(D−2)a2µt
(p−1)∆
N∏
α=1
(λα
βα
cosh(βαt+ γα)
)
, (35)
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with U = pA+ qB and ǫϕα = 2qB −Φα. When all the parameters λα are equal and all βα
are equal, multi-charge solutions reduce to the single-scalar solution given by (20)
2.4 SL(N + 1, R) cosmological solutions
In this subsection, we discuss cosmological solutions with 1-form field strengths. The bosonic
Lagrangian of M-theory compactified to D dimensions on a torus can be truncated to one
involving N ≤ Nmax 1-form field strengths, of the form (26). Such consistent truncations
are possible when the dilaton vectors of the retained field strengths satisfy (27). In this
case, we have Nmax = 2 for 7 ≤ D ≤ 8; Nmax = 4 for 5 ≤ D ≤ 6; Nmax = 7 for D = 4 and
Nmax = 8 for D = 3.
For the 1-form field strengths, alternative consistent truncations are possible in cases
where the dot products of the dilaton vectors do not satisfy (27), but instead satisfy [23]
Mαβ = 4δαβ − 2δα,β+1 − 2δα,β−1 . (36)
This is in fact twice the Cartan matrix for SL(N + 1, R), and consequently, as we shall
see, the equations of motion of the consistently-truncated system (26) can be cast into the
form of the SL(N + 1, R) Toda equations, which are exactly solvable. The multi-scalar
multi-charge system can be further truncated to a single-scalar system (5) using (28); these
solutions have [23]
a2 = ∆ =
24
N(N + 1)(N + 2)
. (37)
It was shown in [23] that sets of dilaton vectors with dot products given by (36) arise in all
toroidally-compactified supergravities in all dimensions D ≤ 9. In this case Nmax = 10−D.
We shall first consider elementary cosmological solutions. The metric for the elementary
case involving 1-form field strengths is given by
ds2 = −e2Udt2 + e2Ads¯2 , (38)
where ds¯2 is again the metric on the spatial sections, typically taking the form (2). The
field strengths take the elementary form given by (9). It is convenient to make the gauge
choice U = (D − 1)A, which implies that the equations of motion become
ϕ¨α =
1
2
∑
β
Mαβ λ
2
β e
−ϕβ , A¨+ k(D − 2)e2(D−2)A = 0 ,
∑
α,β
(M−1)αβ ϕ˙αϕ˙β +
∑
α
λ2α e
−ϕα = 2(D − 1)(D − 2)
(
A˙2 + ke2(D−2)A
)
. (39)
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Making the further redefinition Φα = −2
∑
β(M
−1)αβ ϕβ, we find that Φα satisfies
Φ′′α = −λ2α exp(12
∑
β
MαβΦβ) , (40)
1
4
∑
α,β
Mαβ Φ˙αΦ˙β +
∑
α
λ2α exp(
1
2
∑
β
MαβΦβ) = 2(D − 2)(D − 1)
(
A˙2 + ke2(D−2)A
)
.
Finally, the redefinition Φα = qα− 4
∑
β(M
−1)αβ log λβ removes the charges from the equa-
tions, and hence from (36) we see that the equations become
q¨1 = −e2q1−q2 ,
q¨2 = −e−q1+2q2−q3 ,
q¨3 = −e−q2+2q3−q4 , (41)
· · ·
q¨N = e
−qN−1+2qN .
Thus the functions qα satisfy the SL(N + 1, R) Toda equations, whilst A satisfies the
Liouville equation. The solutions are subject to the first-order constraint in (40), which can
be re-expressed as
H = 2(D − 1)(D − 2)
(
A˙2 + ke2(D−2)A
)
, (42)
where H is the Hamiltonian for the Toda equations (41), given by
H = 14
∑
α,β
Mαβ q˙αq˙β +
∑
α
exp(12
∑
β
Mαβqβ) . (43)
The solution of the Liouville equation for A, whose form depends on the value of the
constant k, is given by (16) with p = D − 1, where X = (D − 2)A. The general solution to
the SL(N + 1, R) Toda equations (41) can be given compactly in the form [26]
e−qα =
N+1∑
k1<k2···<kα
fk1 · · · fkα ∆2(k1, . . . , kα) e(µk1+···+µkα )t , (44)
where ∆2(k1, · · · , kα) =
∏
ki<kj(µki − µkj)2 is the square of the Vandermonde determinant,
and fk and µk are arbitrary constants satisfying
N+1∏
k=1
fk = ∆
2(1, 2, · · · , N + 1) ,
N+1∑
k=1
µk = 0 . (45)
The Hamiltonian, which is conserved, takes the value H = 12
∑
N+1
α=1 µ
2
α. It follows from (42)
that the Hamiltonian constraint implies
N+1∑
k=1
µ2k = 4(D − 1)(D − 2)c2 . (46)
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It is straightforward to generalise the above discussion to solitonic cosmological solutions,
where we have p = 1 and q = D − 2. The equations of motion again can be cast into the
form of SL(N + 1, R) Toda equations, and hence we can obtain exact solutions.
3 Cosmological characteristics of the solutions
The solutions that we have obtained in the previous section have metrics of the form (1) in
which the scale factors eA and eB evolve in time. In order to obtain realistic cosmological
models, a first requirement is that the scale factor eA for the spatial sections of the universe
should evolve from a small value at early times to a large value at late times. Furthermore,
one would hope that the scale factor eB for the additional q = D−p−1 dimensions param-
eterised by the ym coordinates would become small at large times, so that the additional
dimensions become unobservable.
In order to discuss the evolution of the solutions, it is useful to introduce a comoving time
coordinate. In cases where there is no dilaton, such as solutions of D = 11 supergravity
or M-theory, the choice of metric is unambiguous, and the comoving time τ is given by
τ =
∫
eUdt. In cases where there is a dilaton, such as solutions of the type IIA string in
D = 10, there are two natural metrics that one might consider, namely the Einstein-frame
metric and the string-frame metric. The former is the one that we have been considering thus
far in the paper, and the latter is related to it by the conformal rescaling ds2string = e
φds2.
The comoving time coordinate depends on the choice of metric.
We shall begin by considering the simpler case of solutions in D = 11 supergravity, and
then afterwards we shall consider solutions in D = 10.
3.1 Cosmology in D = 11
In D = 11 supergravity, the bosonic fields consist only of the metric and a 4-form field
strength. We can use it to construct both elementary cosmological solutions with p = 7
and solitonic solutions with p = 4. Their metrics are given by the first two equations in
(20), with ∆ = 4 and µ = 0, owing to the absence of the dilaton. We may also take γ = 0,
by appropriate choice of the origin for t. Let us consider the solitonic case, which will
correspond to a 5-dimensional cosmological model. We see from (19) that β2 = 83c
2 in this
case, and from (20) that
e3A =
λ
β
eX cosh βt ,
11
e−6B =
λ
β
cosh βt , (47)
and U = 4A + 6B. Without loss of generality, we may take β to be positive. The scale
factor R ≡ eA diverges both at t = ∞ and at t = −∞, since β > |c|, while the scale factor
eB associated with the extra q dimensions tends to zero in both limits. The comoving
time τ , defined such that ds2 = −dτ2 + e2Ads¯2 + e2Bdym dym, is given by τ = ∫ eU dt. In
general, owing to the complexity of the function eU , the relation between τ and t can only
be evaluated by numerical methods.
If k = 1, the comoving coordinate τ is finite for all values of t. When t runs from −∞
to +∞, τ runs between two finite values, τ− to τ+. In this process, the scale size R = eA
shrinks from infinite size at τ− to a minimum at some value τ0 and then expands again
to infinity at τ+. From (3), and the form of the solution (47), we see that the curvature
is of order e−2U at large |t|, and thus diverges as exp((83 − 23
√
8
3)|ct|). This solution is
obviously undesirable from both the phenomenological and the theoretical points of view.
The situation is different when k = 0, since then we have eU ∼ exp(13(β|t|−4ct)) at large |t|.
If c is negative, c = −
√
3
8β, then τ diverges as t tends to infinity, and in fact τ ∼ eU . Since
e−2U goes to zero at large τ , it follows that the curvature goes to zero at large τ . Finally, if
k = −1 the coordinate t runs from −δ/c to ±∞, and τ correspondingly runs from infinity
to zero. The scale size R becomes large as τ tends to infinity, and is zero when τ is zero.
The curvature is singular at τ = 0, and tends to zero as τ tends to infinity. Thus both the
k = 0 and k = −1 models have the feature that the universe expands as the comoving time
increases from some finite time τ0 to infinity, i.e. R
′ > 0 for τ > τ0, where a prime denotes
a derivative with respect to τ . One may define τ0, where the scale factor R is a minimum,
as the starting point for the expansion of the universe. In the k = 0 case, we have R′′ > 0
at τ = τ0 and R
′′ < 0 as τ → ∞. When k = −1, we have R′′ > 0 at τ = τ0, and R′′ = 0
as τ tends to infinity. In these k = 0 and k = −1 solutions, the universe is not starting
from zero size at τ = τ0, but rather, this value of the comoving time represents the point
at which it has a minimum size, which is of the order of the Planck scale. In principle, one
can extrapolate back to τ = 0, at which point the scale size R is infinite. Although this
region 0 ≤ τ ≤ τ0 does not itself describe a satisfactory cosmological evolution, since the
comoving time reaches an endpoint at τ = 0 and the curvature diverges there, there is a
sense in which one can think of the “physical” universe with τ ≥ τ0 as emerging through a
wormhole at τ = τ0.
In a similar manner, one can analyse the elementary solutions in D = 11, which describe
an 8-dimensional cosmological model.
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3.2 Cosmology in D = 10
Since ten-dimensional string theories have 3-form field strengths, we can obtain solitonic
solutions with p = 3 and q = 6, which describe 4-dimensional cosmological models. The
dilaton coupling is such that a2 = 1, and hence ∆ = 4. The string coupling constant is
given by g = e−φ. The NS-NS 3-form field strengths of any of the D = 10 string theories
have dilaton coupling a = +1, while the R-R 3-form of the type IIB theory has a = −1.
From (20), we find that the solutions have the form
e
8
3A =
λ
β
cosh(βt+ γ) e2µt+
4
3X ,
e−8B =
λ
β
cosh(βt+ γ) e2µt , (48)
e−
2
aφ =
λ
β
cosh(βt+ γ) e−6µt ,
together with U = 3A+ 6B, and from (19) we have β2 = 3c2 − 12µ2.
Let us first consider the case when µ = 0. This value has the distinguishing feature that
the dimensional reduction of the solution by compactifying the ym coordinates gives rise to
solutions which also involve only one scalar field, as we shall discuss in section 4. In the
Einstein frame, the analysis of the cosmological properties of these solutions is analogous
to that for D = 11. When k = 1, the comoving coordinate τ runs from τ− to τ+ as t runs
from −∞ to +∞. The 4-dimensional scale size shrinks from infinity to a minimum and
then expands to infinity again. For the case k = 0, and c < 0, the comoving coordinate
runs from zero to infinity as t runs from −∞ to∞. The scale parameter R = eA diverges in
both the τ → 0 and τ →∞ regimes. Thus we can define τ0, at which the scale parameter
R is a minimum, as the starting point of the expansion of the universe, with τ running
from τ0 to infinity. It is easy to verify that speed of the expansion R
′ is always greater than
zero when τ > τ0, but with R
′′ > 0 when τ → τ0 and R′′ < 0 when τ → ∞. Although
the metrics behave identically for both the NS-NS and R-R solutions, the dilaton field, and
hence the string coupling g, behave in opposite ways. For the NS-NS solution, the string
coupling diverges when τ →∞, whilst for the R-R solution the string coupling vanishes in
that limit. In all cases, the curvature tends to zero when the scale factor R is large, if this
coincides with τ going to infinity, namely in the k = 0 and k = −1 models. On the other
hand, if large R corresponds to a finite value of τ , as in the k = 1 models, the curvature
diverges there.
If k = −1, the coordinate t runs from ±∞ to t = −δ/c, and correspondingly, the
comoving coordinate τ runs from zero to infinity. The scale parameter R runs from infinity
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to a minimum at τ0, and then to infinity again. Thus we can define the expansion of the
universe from τ = τ0 to τ = ∞. At the beginning of the universe, we have R′′ > 0 whilst
at the end of universe we have R′′ = 0 in this case. At the beginning τ = τ0, the string
coupling constant g is a non-vanishing constant for both NS-NS solutions and R-R solutions
and it converges to another non-vanishing constant at large τ .
In the above discussion, we studied the cosmological characteristics of the metrics in the
Einstein frame. In this frame, the form of the metrics is insensitive to whether the solution
is constructed using an NS-NS 3-form or an R-R 3-form. However, since the constant
a in the dilaton prefactor is +1 for the NS-NS solutions and −1 for the R-R solutions,
the string metrics for the NS-NS and R-R cases are quite different, and we shall discuss
them separately. In the string-frame metric, the scale factor eB for the ym space in the
R-R solutions diverges when |t| goes to infinity. Thus the solutions only make sense when
k = −1, since in this case the relevant part of the evolution does not involve the large |t|
regime. Specifically, as t runs from ±∞ to −δ/c, the comoving coordinate τ runs from zero
to infinity, but the evolution is taken from τ = τ0 where R = e
A is a minimum to τ = ∞
where R diverges. This behaviour of the scale factor R is similar to that in the Einstein
frame, but the scale factor eB shrinks, although remaining finite and non-zero for the entire
evolution. For the NS-NS solutions, the string coupling diverges at large |t|. Thus the
solutions are again restricted to the case k = −1, where t runs from ±∞ to t = −δ/c. The
comoving coordinate τ runs from zero to infinity. At large τ , the D = 4 universe expands
with constant speed; but at τ = 0, unlike in the Einstein frame, we have R = eA = 0, and
R′′ < 0 for small τ .
So far, we have discussed the cosmological characteristics of the solution (48) when µ is
set to zero. We saw that the string coupling diverges for NS-NS solutions at large |t|, while
it vanishes for R-R solutions. Now let us examine the solutions when µ is non-vanishing.
In this case, as we shall see in the next section, dimensional reductions of the solutions
in which the ym coordinates are compactified give rise to solutions with additional scalar
fields in the lower dimension. We shall examine the metrics for solutions with β = 6µ > 0.
In this case the dilaton, and hence the string coupling, becomes a constant when t goes to
infinity, for both the NS-NS and the R-R solutions. Then, by making a small perturbation
away from β = 6µ, which will not qualitatively affect the characteristics of the metric, we
can have the string coupling vanish when t goes to infinity. It follows from the equation
below (48) that we have |c| = 4µ when β = 6µ. In the Einstein frame, the behaviour
of the solutions for k = 1, k = 0 and k = −1 are analogous to the corresponding ones
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with µ = 0 that we discussed previously. This implies, in particular, that by adjusting the
parameter µ properly, we can have an inflationary model even for NS-NS solutions when
k = 0, where the string coupling vanishes as the comoving time approaches infinity. At
large t the behaviour of the metric in the string frame is the same as that in the Einstein
frame, since the dilaton tends to a constant at large t. If k = 0, large values of t imply large
values of τ , whilst if k = −1, they imply that τ tends to zero. Thus in the string frame, by
adjusting the parameter µ properly, we can also have inflationary models where the string
coupling respectively vanishes or goes to a constant at large τ , while the expansion rate R′
of the 4-dimensional universe either tends to zero or becomes a constant.
We have discussed the cosmological features of the solitonic solutions for both the NS-
NS and R-R 3-forms. These solutions can provide inflationary models of the universe. The
9-dimensional space divides into two parts: a 6-dimensional subspace shrinks to zero or a
finite size as the comoving time tends to infinity, while a 3-dimensional subspace expands.
The solutions provide a dynamical compactification of the 10-dimensional spacetime to
D = 4.
In D = 10, there exist further field strengths of other ranks, and the associated solutions
will describe cosmologies in different dimensions.
4 Dimensional reduction and oxidation of cosmological solu-
tions
In the previous sections, we constructed rather general classes of cosmological solutions in
D-dimensional supergravity theories. Ultimately, one views these theories as originating
from some fundamental theory such a string in D = 10, or M-theory in D = 11. Since the
lower-dimensional theories that we have considered are obtained by consistent dimensional
reduction from D = 10 or D = 11, it follows that all their cosmological solutions can
be oxidised back to solutions in the fundamental higher dimension. In part, the utility
of constructing solutions first in the lower dimension is that it can often be simpler than
solving the equations directly in the fundamental dimension. In particular, this is true if the
lower-dimensional solution involves more than one field strength, since its oxidation to the
higher dimension will then give a solution that lies outside the class that we have considered
thus far. Thus it is useful to study the general procedure of oxidation and reduction of the
various cosmological solutions.
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4.1 Kaluza-Klein dimensional reduction
The general procedure of toroidal dimensional reduction to can be broken down into a
sequence of one-step reductions on circles. The necessary reduction formulae can thus be
encapsulated in the reduction of the following Lagrangian in (D + 1) dimensions,
LD+1 = eˆRˆ− 12 eˆ(∂φˆ)2 −
e
2n!
eaˆφˆ Fˆ 2n , (49)
giving
LD = eR− 12e(∂φ)2 −−12e(∂ϕ)2 − 14e e−2(D−1)αϕ F2
− e
2n!
e−2(n−1)αϕ−aˆφ F ′n
2 − e
2(n − 1)! e
2(D−n)αϕ−aˆφ F 2n−1 , (50)
in D dimensions. The (D + 1)-dimensional hatted fields are expressed in terms of the
D-dimensional unhatted fields by the standard Kaluza-Klein relations:
dsˆ2D+1 = e
2αϕ ds2D + e
−2(D−2)αϕ (dz +A)2 ,
Aˆn−1 = An−1 +An−2 ∧ dz , φˆ = φ , (51)
where all the unhatted fields are independent of the compactification coordinate z, and
F = dA. The constant α is given by α = (2(D − 1)(D − 2))−1/2. The lower-dimensional
field strengths, obtained from the exterior derivative of the expression for the potential
Aˆn−1 given above, are therefore expressed as Fˆn = F ′n + Fn−1 ∧ (dz +A), where F ′n is the
Chern-simons corrected form F ′n = dAn−1 − dAn−2 ∧ A, and Fn−1 = dAn−2.
Let us begin by applying the above formalism to the example of a D = 10 cosmological
solution, of the form (20) with p = 3 and q = 6, with ∆ = 4 and a2 = 1. We shall take the
compactification coordinate z to be one of the ym coordinates, so that in D = 9 we have
p = 3 and q = 5. The relevant part of the D = 9 Lagrangian will be, using (50),
L9 = eR− 12e(∂φ)2 − 12e(∂ϕ)2 − 112e eaφ−4αϕ F 23
= eR− 12e(∂φ1)2 − 12e(∂φ2)2 − 112e ebφ1 F 23 , (52)
where in the second line we have introduced a rotated pair of dilatonic scalars, defined by
bφ1 = aφ − 4αϕ and bφ2 = 4αφ + aϕ. The constants α and b are given by α = 1/(4
√
7)
and b2 = 8/7. Comparing the metric ds210 given in (1) for the ten-dimensional solution with
the dimensionally-reduced metric ds29 defined in (51), we see that the Kaluza-Klein scalar
ϕ is given by αϕ = −B/7. Thus it follows from the ten-dimensional solution (20) that its
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dimensional reduction to D = 9 gives a metric of the form (1), with functions U˜ , B˜ and B˜
(the tildes denoting D = 9 quantities) given by
e
14
5
A˜ =
λ
β
cosh(βt+ γ) e2µt+
7
5
X ,
e−7B˜ =
λ
β
cosh(βt+ γ) e2µt , (53)
together with U˜ = 2A˜+ 5B˜. The D = 9 dilatonic fields φ1 and φ2 are given by
e−
2
b φ1 =
λ
β
cosh(βt+ γ) e−5µt ,
e−
4
√
2
b φ2 = e−8µt . (54)
Thus we see that in general, the dimensional reduction of a single-scalar solution has given
rise to a solution with two linearly-independent scalars. If, however, we consider the D = 10
solution with µ = 0, then it reduces to a single-scalar solution in D = 9. In fact this D = 9
solution is precisely of the same form (20), with p = 3, q = 5, ∆ = 4 and µ = 0. It is
interesting to note that even when µ is taken to be non-zero, the D = 9 metric is still of
the form given in (20). However, the Hamiltonian relation (19) between the integration
constants β, c and µ is given by the ten-dimensional formula β2 = 3c2 − 12µ2 rather than
the nine-dimensional formula β2 = 3c2 − 10µ2 that would be needed if the µ 6= 0 solutions
were to have the single-scalar form (20) in D = 9. Thus the reason why the additional scalar
φ2 is excited in the µ 6= 0 dimensionally-reduced solutions is that its energy contribution is
needed in order to make up the deficit in the Hamiltonian constraint.
It is interesting to note that the dimensional reduction of the 10-dimensional cosmolog-
ical solutions gives rise to new solutions that are beyond the scope of section 2, in that an
additional scalar, namely φ2, which does not couple to the field strength, becomes linearly
proportional to the time coordinate t. The metric and the dilaton φ1 of the solution, how-
ever, have exactly the same form as those for the solution with vanishing φ2. In fact the
constant of proportionality ν in the time dependence of φ2 = νt can be arbitrary, and has the
effect of changing the relation between the constants of integration to β2 = 3c2−10µ2−ν2,
where ν is the contribution from φ2. These D = 9 solutions can also be oxidised to D = 10,
but for generic values of ν the internal coordinate z can no longer be isotropically grouped
with the coordinates ym. Thus these D = 9 solutions gives rise to new ten-dimensional
cosmological solutions, but in this case the ym and z spaces dynamically compactify at
different rates.
The above illustration of Kaluza-Klein dimensional reduction of theD = 10 cosmological
solutions to D = 9 can be easily generalised to arbitrary dimensions. The reverse of the
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procedure provides a mechanism for oxidising all the lower-dimensional solutions back to
D = 10 or D = 11. Thus all the lower-dimensional solutions we obtained in section 2
can be viewed as ten or eleven dimensional solutions, and obtaining such lower-dimensional
solutions provides a convenient algorithm for constructing and classifying sets of ten or
eleven dimensional theories. Of course it is not guaranteed that the coordinate directions
that are selected for this non-dynamical Kaluza-Klein compactification of the theory will
actually shrink, rather than grow, as the cosmological solution evolves. Which of these
occurs is a matter of calculation in the specific model in question. If it should turn out that
some of the compactification directions actually expand with time, it becomes natural, from
the ten-dimensional point of view, to include them in the spatial directions of the expanding
universe. For example, we can construct a p = 2 solitonic solution in four dimensions using a
2-form field strength. From the four-dimensional point of view, we have a three-dimensional
expanding universe, with one shrinking circle. However, if the 2-form field strength comes
from the dimensional reduction of the 3-form in D = 10, oxidation of the four-dimensional
solution to D = 10 reveals that one of the six “compactifying” coordinates in fact expands,
and hence gives rise to a four-dimensional expanding universe, which is no different from
the p = 3, q = 6 solutions with k = 0 in D = 10 that we discussed earlier.
However, this does not imply that all the lower-dimensional solutions are nothing but
reductions of already-known higher-dimensional solutions. As we saw earlier, the single-
scalar D = 9 solution with non-vanishing µ oxidises to a solution in D = 10 that is not
encompassed by the ansatz in section 2. In fact as we saw in section 2, a large number of
solutions arise in lower dimensions that involve more than one field strength. The equations
of motion have the form of a set of Liouville equations or SL(N + 1, R) Toda equations.
The oxidation of these solutions provides a rich variety of cosmological solutions in D = 10.
It would be very interesting to analyse their cosmological significance.
5 Conclusions
In this paper we have made a rather extensive study of certain classes of cosmological
solutions in D = 10 string theory or M-theory. In particular, we began by constructing cos-
mological models in the D-dimensional toroidal compactifications of the string or M-theory,
in which the metric takes the form (1). The relevant cosmological solutions correspond
to cases where p-dimensional spatial sections that can be flat, spherical, or hyperboloidal
expand in time, while an internal q-dimensional space undergoes a contraction. This space-
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time, withD = p+q+1 dimensions, can then be embedded in the original D = 10 orD = 11
theory by reversing the steps of the toroidal compactification to D dimensions. This gives
further dimensions that may be expanding or contracting, depending on the details of the
solution. The models that would be of principal interest for cosmology are those where the
total number of expanding spatial dimensions is 3. By dividing the process of constructing
D = 10 or D = 11 solutions into these two stages, one can obtain rather broad classes of
solutions with relative ease.
We examined some general features of the evolution of the metric scaling functions
in some of the simpler solutions that we obtained. In certain cases, we found that the
behaviour of the scale parameters was of the phenomenologically-desirable form, in which
the “physical” spatial dimensions grow from a very small initial size to a large size at later
times, while the additional “internal” dimensions shrink, or dynamically compactify. In
particular, this kind of behaviour can arise in the k = 0 and k = −1 models, where we find
that the scale parameter R of the physical spatial sections satisfies R′′ > 0 at early times,
and R′′ ≤ 0 as τ → ∞, where the primes denote derivatives with respect to the comoving
time. On the other hand, in the k = 1 models the comoving time runs within a finite range,
and the scale factor R diverges at both ends of the interval. We also obtained large classes
of more complicated solutions whose cosmological properties we did not examine in detail,
including those corresponding to the SL(N +1, R) Toda equations. It would be interesting
to investigate the cosmology of these models further.
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